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Abstract 

In this paper, we will show that the topological type of the Jacobian 
variety of a reduced tropical plane curve depends only on the genus 
of the curve. 



1 Introduction 

This paper is a continuation of [7j. 

Definition. The genus of a tropical curve C in M 2 is the number of lattice 
points in the Newton complex Newt(C) which lies in the interior of the 
Newton polygon A(C). (Hence if C is reduced, the genus of C equals the 
rank of #i(C,Z).) 

Definition. The Jacobian variety Jac(C) is the residue group of Div°(C) by 
linear equivalence. Divisors D, D' are linearly equivalent, D ~ D', if there 
are tropical curves L, V such that A(L) = A(L') and D — D' = C ■ L — C ■ V . 

Theorem 1.1. Let C be a reduced tropical curve of genus g in M 2 . Then 
Jac(C) is isomorphic to the g- dimensional real torus T 9 . 

See [7] section 2 for preliminaries. 



2 Proof of the theorem 

Lemma 2.1 ([?], Lemma 3.2). Let E be an edge of C , and let P,P',Q,Q' 
be points of E such that PP' = QQ'. Then P' - P ~ Q' -Q. 

Lemma 2.2 ([7], Lemma 3.4). Let E be a ray of C. Then all points of E 
are linearly equivalent. 
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Let V(R 2 ) be the space of all tropical curves (See [7J, section 4). 

Lemma 2.3 ([7], Corollary 4.2). Tropical curves L,L' G P(IR 2 ) lie in the 
same connected component if and only if A(L) = A(L'). 

We consider the kernel of the homomorphism Div°(C) — > Jac(C). Lemma 
12.11 says some subgroup H C Div°(C) is contained in this kernel. H is the 
subgroup generated by all (P' — P) — (Q' — Q) which satisfies the assumption 
of Lemma 12 . 11 

Let Ex, ... , Ejsi be all finite edges of C. Let Vi be one of vertices of Ei. 
For each i, we have a homomorphism 

7Tj : R — ► Div°(C)/# 

5 i — ► P — Vi (5 > is small enough), 

where P G Ei is the point such that the lattice length of [Vi, P] equals S. 
Hence we have a homomorphism 

tt: R n — ► Div° \C)/H. 

Let F = Ker 7r. The composite map 

R N /F — > Div\C)/H — > Jac(C) 

is surjective because of Lemma [2. 2[ 
We fix a vertex O G C. Let A: C 

i) tt(A(P)) = P-Oioi P eEi, 

ii) every ray of C is contracted by A. 
Let Aj : -»• be a lift of \\ Et : £?< 

A l (P) = A l (^) + 5e i , 

where 5 is the lattice length of [Vi, P]. 

Lemma 2.4. P a free abelian group of rank g. 

Proof. Let Ai, . . . , A g be cycles generating Hi(C, Z). Let Vj±, . . . , Vj s . be all 
vertices of Aj, and take Vjo = Vj Sj . Let ajk G be the vector such that 
vr(ajfc) = Vjk — Vj^-i- Let P' be the abelian group generated by CL\, . . . , CLg, 
where aj = Ylik a jk- The map A: C — * M N /F is factored into a map 

A': C — >R N /F' 



R iV /F be the map such that 
R N /F. Namely, 
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and the homomorphism R /F' — > R /F. X' induces a homomorphism 
A": Div°(C)/# R^/F'. The homomorphism R^ -> R N /F' is factored 
into 7r and A", so we have F = F' . □ 

For a tropical curve LeV(R 2 ),we define a(L) G R N /F as follows. 

C • L = Pi + • • • + P r , 
a(L) = X(P 1 ) + --- + X(P r ). 

The map 

a: V(R 2 ) ► R N /F 

is continuous by definition of the stable intersection. 

Given a continuous path 7: [0, 1] -> "P(R 2 ), let cr 7 : [0, 1] M w be a lift 
of cr| 7 : [0, 1] -> R^/F, and let ^(7) = a 7 (l) - a 7 (0). Let W C R^ be the set 
of all v (7). 

Lemma 2.5. W is a linear subspace in R N . 

Proof. Recall that each component of V(R 2 ) is a closed cone in an affine 
space. Given a Newton complex Af, let 

7?(jV, C) = {Le V(R 2 )\ Newt(C U L) = A/"} . 
Every element of W is written as v (71) + ■ • ■ + f(7 s ) for linear paths 

7i : [0,1]- Wf~C) 
and Newton complexes Hi, . . . ,Af s . For < t < 1, we have 

t («(7i) + • • ■ + u(7,)) = u(7i, t ) + • ■ ■ + u(t«,0» 

where 7j jt : [0, i] — V(Nj,C) is a restriction of 7 j. Finally, f (7) +^(7') G W, 
because cr(L U V) = a(L) + tr(L'). □ 

We have an isomorphism 

R^F + iy) £ Jac(C) 

from Lemma [2.31 

Note that R N fW is a vector space generated by ei, . . . , e^v- Theorem ll.il 
follows from the following lemma. 
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Lemma 2.6. Suppose that X :— C \ (Pi U ■ ■ • U E g ) is a maximal tree in C . 
Then (ei, . . . , e g ) is a basis ofR N /W over R. 

Proof of that (ei, . . . , e g ) is a generator. For g + 1 < j < N, there is a piece- 
wise linear curve M C R 2 containing two rays such that X H M is a single 
point of £j-. The following lemma says that e,- G Q(ei, . . . , e g ) in R^/H^. □ 

Lemma 2.7. Let 5, T foe rays in R 2 snc/i t/iat 

snc = ®, Tnc = 0. 

Let Po, • • • , Pri Pq-, ■ ■ ■ j -P/ £ ^ ^ e rational points such that 

Po i Pq ^ Pri Pr ^ Pi 

[p,p/]nc = 0, 
► — — > 

P_iP and P i _ x P i have the same direction. 
Then there are integers mi, . . . , m r > such that 

r r 

Y^mdc- [Pi-i, Pi}) ~ j]™, (c ■ [pu, p;\) ■ 

i=l i=l 

Proof. Let L be the tropical curve with vertex Pj, consisting of three rays 
L ,L 1 ,L 2 such that 

Pj-l ^ -^1) Pj+l £ -^2) 

[P, P/] is parallel to L . 

> 

Let iWj = wt(Li), Vi = wt(L 2 ). Move L by pP/, and denote it by P. 
Comparing C ■ L and C • L' , we have 

c- K[p, p_!, oo) u Vi [Pi, p i+ i, oo)) ~ c- ( Wi [p;, pu oo) u Vi [p;, p; +1 , oo)) 

for 1 < % < r — 1. Similarly, 

C • (w [P , 5) U ^ [P , Pi, oo)) ~ C ■ (w [P>, S) U v [P^, P[, oo)) , 

C ■ (w r [P r , P r -i, oo) U v r [P r , T)) ~ C ■ {w r [P' r , P' r _ x , oo) U v r [P' r , T)) . 

Taking a suitable linear combination and canceling lines, we have the state- 
ment. □ 
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Proof of that (e±, . . . , e g ) is linearly independent. Suppose 

a x e x H V a g e g = v(j), 

7: [0,1] ^V(R 2 ). 

For 1 < j < g, there is a piecewise linear closed curve A in X U Ej. Let 
-Ei(o), • • • , -Ei( s ) be all edges of A, and take = Ej. Let e k G {1,-1} be 
the sign of E^ with respect to the positive direction of S 1 : The sign is 
positive if the coordinate of R N is increasing. Let h : M N — > R be the linear 
map defined by 

h = £oei(o) + • • • + £ s ej( s ), 
where denotes the dual basis. Then we have 

/i(cr 7 (l)) - /l(cr 7 (0)) = h(v{j)) = E aj. 

To complete the proof, we show that the map h o b 1 : [0, 1] — > R is constant 
for any continuous path 7. 

We may assume that C intersects L t := ^(t) transversely for any t. There 
are points P km t G Ei(k), edges L kmt C L t , and vectors Wfc m G R 2 such that 

i) Ei( k ) ■ L t = J2m Pkmt, 
h) n Lfemt = -Pfemt, 

iii) Mfcm is the weighted primitive vector of L kmt starting at the vertex inside 
A, divided by fx Pkmt . 

For L and L ± , we have the moment condition inside A: 



^2 moment (u km , P km0 ) = 0, 



k,m 



From these, 



^2 moment (u km , P kml ) = 0. 

k,m 

^-PfcmO-Pfcml X Wfonj = 0. 



Let Mfc be the primitive vector of E^ k ) starting at V^ k y Since u k x w fcm = — e k , 
we have 

h (^i(k)(Pkmo) — \{k){Pkml) ) = 0. 

fc,m 

Thus /i(or 7 (0)) = MM 1 ))- D 
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